We present the first 30 moments of the low energy expansions of the vector, axialvector, scalar and pseudo-scalar heavy quark correlation functions at three-loop order, including the singlet contribution which appears for the first time at three loops. In addition we compare the behavior of the moments for large n with the prediction from threshold calculations.
Introduction
Correlators of two currents j [µ] (x), where j [µ] (x) is the scalarψψ, pseudoscalar iψγ 5 ψ, vectorψγ µ ψ, or axial-vectorψγ µ γ 5 ψ current, are important for many interesting phenomenological purposes. Their low energy expansions, in particular, are of interest for applications based on sum rules [1, 2] like the determination of the charm and bottom quark mass from R(s) [3, 4] .
In three-loop approximation, i. e. O(α 2 s ), the moments of the Taylor expansion for the four correlators were evaluated up to (q 2 ) 8 in [5] using recursion algorithms originally suggested in [6] . The series was evaluated in four-loop approximation up to the first physical moment (q 2 ) 1 [7, 8] employing the Laporta algorithm [9] . The three-loop singlet contributions have been calculated in [10] up to the seventh and eighth moments for the axial-vector and the scalar and pseudo-scalar correlators, respectively. equations [11, 12] , the three-loop vector correlator has been calculated up to (q 2 ) 30 [13] .
Higher moments of the pseudo-scalar correlator might be used to determine the impact of non-perturbative effects in the determination of quark masses from lattice calculations [14] .
In this work we calculate the low energy expansions for the four types of correlators in order α 2 s up to (q 2 ) 30 , including the logarithms which arise from the singlet contribution, given by double triangle diagrams. This paper is organized as follows: In Section 2 we briefly present the methods used in the calculation, paying special attention to the singlet parts. The results are presented in Section 3 where we also compare the explicitly calculated moments with the behavior for large powers of q 2 derived from the threshold region. Section 4 contains a brief summary and conclusions.
Definitions and Methods
The polarization functions are defined by (−q 2 g µν + q µ q ν )Π δ (q 2 ) + q µ q ν Π δ L (q 2 ) = i dxe iqx 0|T j 
In the low energy limit the polarization functions can be written as a series in z = q 2 4m 2 , where m is the mass of the heavy quark,
with
The singlet contributions C (2),δ S,n arise from the diagrams shown in Fig. 2 . It has to be noted that these are not simple power series in z but contain logarithms of the form log(− q 2 m 2 ). This logarithmic dependence on q 2 reflects the presence of massless cuts in the diagrams.
The expansion in the limit q 2 → 0 can be achieved in two different ways. One possibility is to first expand the propagators and later reduce the resulting massive tadpoles to master integrals. For each order in the z-expansion two more powers of the propagators arise. For large n this makes the reduction to master integrals through the reduction formalisms of Broadhurst or Laporta very cumbersome. The second possibility is the reduction of the full propagators to master integrals. These master integrals have then to be known at least as an expansion in the external momentum which can be calculated efficiently to high orders. The price to pay is the increased difficulty in obtaining the necessary reduction to master integrals. In this paper we choose the latter approach, which we present in more detail in the following.
In the first step, the diagrams are generated with QGRAF [15] . The occurring topologies are identified with the help of q2e and exp [16, 17] . The integrals are reduced to scalar propagator-type integrals of the form
using the computer algebra program FORM [18] . The denominators are given by
, where l is a linear combination of the loop momenta k i and the external momentum q, and m i ∈ {0, m} is the mass of the corresponding propagator. Only one non-zero mass is taken into account for the heaviest quark, lighter quarks are treated as massless. The powers a i of the denominators are integers. Irreducible scalar products are expressed as propagators with negative powers. The integrals are dimensionally regularized in space-time dimension d = 4 − 2 ǫ.
In a next step, Integration-by-Parts [19] and Laporta's algorithm [9, 20] are used to reduce all needed integrals of the form (7) to master integrals. This reduction is done with the program Crusher [21] . Crusher uses GiNaC [22] for algebraic manipulations and Fermat [23] for the simplification of the intermediate expressions using a special interface [24] . As a result of the reduction one finds a total of 55 master integrals.
The master integrals have to be expanded for small external momenta around q 2 = 0. To achieve this, we use the scaling equation
for the master integrals M i .D applied to M i gives the mass dimension of M i . Carrying out the mass derivative produces integrals with additional powers of propagators, that are again mapped to master integrals. This gives a system of coupled inhomogeneous linear differential equations in q 2 . For the non-singlet part, the system is solved by a Taylor series
where the coefficients M
have to be calculated. Diagrammatically, the coefficients are tadpole diagrams. As boundary conditions, the three-loop master tadpoles depicted in Fig. 1 
can be expressed as linear combinations of these. For the singlet part, non-integer powers of q 2 have to be taken into account:
In this case, the boundary conditions for the coefficients M i,ss are the diagrams depicted in Fig. 1 (d) and (e), (f ), respectively. Generation and solution of the system are implemented in a Mathematica program. With our setup we can calculate the q 2 expansion to almost arbitrary depths. In this work we limit ourselves to the first 30 moments. This way of calculating expansions of integrals was proposed in [11, 12] and applied to the vector current in [13] . Fig. 1 . Diagrams, which are chosen as boundary conditions for the expansion of the propagator-type master integrals in q 2 . The diagrams (d) − (f ) contribute only to the singlet part.
To perform the renormalization we need the strong coupling α s [25] and the mass renormalization constant at two-loop order [26, 27, 28] .
For the pseudo-scalar and axial-vector currents we have to pay special attention to the treatment of γ 5 . While in the non-singlet contributions γ 5 can simply be considered as anticommutating this is not possible for the singlet contributions. In the latter case the γ 5 matrix cannot easily be removed from the problem and has to be treated properly to avoid problems with dimensional regularization. Therefore we follow the prescription proposed by Larin [29] and use the definition
Since the ǫ-tensor is intrinsically a four-dimensional object it can not be used in dimensional regularization and has to be taken out of the calculation until the renormalization has been performed. Taking the ǫ-tensors out of the calculation the tensor structure of the pseudo-scalar and axial-vector correlators can be cast into the form
where [. . .] denotes total antisymmetrization. After renormalization these expressions can be multiplied with the ǫ-tensors to obtain the final result. The correlators are then given by
The pseudo-scalar and the longitudinal part of the axial-vector correlator are connected through a Ward identity.
In order to retain this Ward identity for the singlet contribution it is necessary to cancel the axial-vector anomaly. For this reason we computed the singlet part Π µν,S of the axial-vector correlator for an isospin doublet (ψ, χ), where ψ is taken to be heavy and χ light. The diagrams contributing to the full singlet part are depicted in Fig. 2 . Note that the completely massless diagram does only contribute to the leading moment.
3 Results and asymptotic behavior for large n
The numerical results 1 for the first 30 moments of the various currents are listed in Appendix A. The results are given in both the MS and the onshell scheme since both schemes have their own range of applications. For convenience we set the renormalization scale µ = m. Since the longitudinal part of The results for the singlet contributions to the scalar, pseudo-scalar and axialvector correlators can be split into a constant and a logarithmic part proportional to log(− The corresponding analytical expressions for moments 9-12 in the MS scheme can be found in the Appendix B. The analytical results for all calculated moments both in the MS and onshell scheme including all logarithms are available in computer readable form from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp07/ttp07-32.
For large expansion depths, the moments can be compared to the asymptotic behavior, which follows from the threshold behavior of heavy quark production from e + e − .
where
In view of the smooth behavior of the calculated moments, we expect good agreement for n ∼ 30. Large n expansions can be found in ref. [30] and derived from [31, 5, 32] by using eq. (17) . A power β j of the velocity in the R-ratio R k (β) corresponds to a power n −1−j/2 of the large n expansion.
where H n is the harmonic number given by
for integer arguments or its generalization
for non-integer arguments, where γ E is Euler's constant and ψ 0 is the digamma function. The asymptotic behavior is in both cases given by
The comparison is shown for the vector current separately for each color factor in Fig. 3-6 . The behavior of the leading order approximation is worst for the C (2),v A,n contribution since the series starts with O(n −1/2 ) compared with at least O(n −1 ) for the other color factors. Comparing identical orders in the n expansion of the various color structures shows roughly the same degree of convergence, but the C (2),v A,n is still penalized by the bad leading approximation. Overall we find good agreement between the large n expansion and the analytical moments. Also at two-loops this procedure shows nearly perfect agreement if one includes two terms in the large n expansion as can be seen in Fig. 7 .
Conclusion
We calculated the low-energy expansion of the heavy quark correlator for the scalar, pseudo-scalar, vector and axial-vector current up to we included the singlet contributions arising from double triangle diagrams. Furthermore, for the vector current we compared the large n behavior of the moments with the asymptotic form derived from threshold behavior. Taking the lowest two or three terms of the 1/n expansion into account, we find good agreement between the asymptotic formulae and the explicit results.
A Numerical results Table A.1 Moments for the vector correlator in the MS scheme Table A.3 Moments for the axial-vector correlator in the MS scheme n C (0),a n Table A.4 Moments for the axial-vector correlator in the onshell scheme Table A.5 Moments for the scalar correlator in the MS scheme Table A.6 Moments for the scalar correlator in the onshell scheme 
B Analytical Results
In this appendix we present the analytical results for the moments 9 to 12 of the various currents in the MS-scheme. The expression for the moments up to 30 can be obtained from http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp07/ttp07-32 in computer readable form in the MS and onshell scheme. In the following expressions we use L = log µ 2 /m 2 and L −q 2 = log(−q 2 /m 2 ). The singlet contributions C (2),δ S,n are always given separately. 
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